
true biharmonic Bergman kernel

Note on a lower bound estimate for the true biharmonic Bergman kernel over

the unit ball
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Summary

We consider the space of all square integrable biharmonic functions on the unit ball, which is

called by the biharmonic Bergman space b2,2
0 (B). We define the the true biharmonic Bergman

space b
(2),2
0 (B) as b

(2),2
0 (B) := b2,2

0 (B)� b1,2
0 (B), where b1,2

0 (B) is the harmonic Bergman space. In

[10], we obtain properties for true polyharmonic Bergman space. In this paper, based on prop-

erties in [10], we give a lower bound estimate for the reproducing kernel of the true biharmonic

Bergman space2.
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1 Introduction

B Euclid R
N , S B m ∈ N, α > −1 weighted

polyharmonic Bergman space bm,2
α (B)

bm,2
α (B) := Hm(B) ∩ L2(B, (1− |x|2)αdx)

, Hm(B) B polyharmonic functions of degree m

, weighted true polyharmonic Bergman space b
(m),2
α (B)

b(m),2
α (B) := bm,2

α (B)� bm−1,2
α (B)(m ≥ 2), b(1),2α (B) := b1,2

α (B)

bm,2
α (B), b

(m),2
α (B) Hilbert , Rm,α(x, y),

R(m),α(x, y) L2(B, (1 − |x|2)αdx) b
(m),2
α (B) orthogonal projection

Q ,

Qf(x) =

∫
B

R(m),α(x, y)f(y)(1− |y|2)αdy f ∈ L2(B, (1− |x|2)αdx)

Bergman , Toeplitz Tφ orthogonal projection P

Tφf = P [φf ] , φ class operator algebra (

[11], [12] ) , Q R(m),α(x, y)

R(m),α(x, y) R(m),α(x, x)

[3] harmonic Bergman space on a smooth bounded domain

Toeplitz

m = 2 , unweighted true biharmonic Bergman kernel R(2),0(x, x)
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Theorem 1. There exists a constant C > 0 such that

R(2),0(x, x) ≥
C

(1− |x|2)N
for x ∈ B.

, harmonic Bergman kernel R1,0(x, x)

R1,0(x, x) ≈ C

(1− |x|2)N (1)

( [2] ),

Rm,0(x, x) = R1,0(x, x) +R(2),0(x, x) + · · ·+R(m),0(x, x)

R(m),0(x, x) ≥ 0 , Rm,0(x, x)

Rm,0(x, x) ≥ C(1− |x|2)−N

R(m),0(x, x) [10] R(m),α(x, y)

, m = 2 R(2),0(x, x)

,

, Ramazanov[8] poly-Bergman space

Bergman space , Pessoa[7] poly-Bergman space

Beurling-Ahlfors transform shift operator ,

unweighted polyharmonic Bergman space on the unit disc

N Pessoa

, [10] N weighted true polyharmonic

Bergman space , true polyharmonic Bergman kernel R(m),0(x, y) upper

estimate , unweighted true biharmonic Bergman kernel R(2),0(x, x)

, true biharmonic Bergman space Toeplitz

2 Calculation of R(2),0(x, x)

[10] ,

Lemma 2.1. {
Cα,N,mGm−1(k + β +

N

2
, k +

N

2
; |x|2)ek

j (x)

}
j=1,··· ,hk,k=0,1,···

b
(m),2
α (B) , {ek

j } k

L2(S, ds) , Gl(β, γ; t) [0, 1) weight function

tγ−1(1− t)β−γ , Cα,N,m

Cα,N,m =

√
2(k + β + N

2 + 2(m− 1))Γ(k + β + N
2 +m− 1)Γ(k + N

2 +m− 1)

|S|(m− 1)!Γ(β +m)Γ(k + N
2 )
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Lemma 2.2. Sm,αf(x) := Δm−1
α (1− |x|2)2(m−1)f(x) b1,2

α (B) b
(m),2
α (B)

Lemma 2.2 (1)

|Sm,0[R1,0(x, ·)](z)|2 =
∫
B

R(m),0(z, y)Sm,0[R1,0(x, ·)](y)dy|2

≤ ‖R(m),0(z, ·)‖2L2‖Sm,0[R1,0(x, ·)]‖2L2

≈ R(m),0(z, z)(1− |x|2)−N

,

R(m),0(x, x) ≥ C|Sm,0[R1,0(x, ·)](x)|2(1− |x|2)N (2)

C > 0 m = 2 ,

S2,0[R1,0(x, ·)](x) = (−N2 + 10N − 24)|x|6 + (−3N2 + 8N + 16)|x|4 + (−3N2 − 2N)|x|2 −N2

|S|(1− |x|2)N

, x ∈ B ,

|S2,0[R1,0(x, ·)](x)| ≥ C1

(1− |x|2)N (3)

C1 > 0 (2) (3)

R(2),0(x, x) ≥ C

∣∣∣∣ C1

(1− |x|2)N
∣∣∣∣
2

(1− |x|2)N ≥ C2

(1− |x|2)N

Theorem 1

3 Concluding remarks

, true biharmonic Bergman kernel m ≥ 3

R(m),0(x, x) weigthed true polyharmonic Bergman kernel R(m),α(x, x)

,

Conjecture

R(m),α(x, x) ≈
1

(1− |x|2)N+α

, [3] , L2(B, (1−|x|2)αdx) b
(m),2
α (B) orthogonal

projection Toeplitz Toeplitz
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[6] M. Pavlović, Decompositions of Lp and Hardy spaces of polyharmonic functions, J. Math.

Anal. Appl. 216 (1997), 499–509.

[7] L.V. Pessoa, On the structure of polyharmonic Bergman type spaces over the unit disk,

Complex Variables and Elliptic Equations 60 (2015), 1668–1684.

[8] A. K. Ramazanov, On the structure of spaces of polyanalytic functions, Math. Notes 72

(2002), 692–704.

[9] K. Tanaka, Biharmonic Bergman space and its reproducing kernel, submitted.

[10] K. Tanaka, On the structure of the polyharmonic Bergman spaces on the unit ball, submit-

ted.

[11] N. L. Vasilevski, Commutative algebras of Toeplitz operators on the Bergman space, Op-

erator Theory: Advances and Applications, 185 (2008).

[12] K. Zhu, Operator theory in function spaces, Marcel Dekker. New York and Basel, 1990.

－ 4－


